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Abstract. We study the transport properties of a relativistic fluid affected by chiral and
gauge-gravitational anomalies. The computation is performed in the framework of the
fluid/gravity correspondence for a 5 dim holographic model with Chern-Simons terms in
the action. We find new anomalous and non anomalous transport coefficients, as well
as new contributions to the existing ones coming from the mixed gauge-gravitational
anomaly. Consequences for the shear waves dispersion relation are analyzed.
1 Introduction
Hydrodynamics is an useful approach to study many phenomena for physical systems out of equilib-
rium. It can be applied when the mean free path of particles is much shorter than the characteristic size
of the system [1], and it is formulated in terms of the effective field theory formalism. The basic ingre-
dients are the constitutive relations, i.e. expressions of the energy-momentum tensor and the current
in terms of fluid quantities (charge density, fluid velocity, etc), organized in a derivative expansion,
〈T µν 〉 = (ε + p)uµuν + pηµν + τµν
(1) + τ
µν
(1)ano + τ
µν
(2) + τ
µν
(2)ano + · · · , (1)
〈Jµ〉 = nuµ +νµ
(1)+ν
µ
(1)ano +ν
µ
(2)+ν
µ
(2)ano + · · · . (2)
Here we have split the contributions in the equilibrium, first order and second order (anomalous + non
anomalous) parts. Dissipative effects like the shear and bulk viscosities have been studied for a long
time [2]. During the past few years new transport phenomena induced by chiral anomalies have been
discovered, and they proved to play a prominent role in the physics of the quark gluon plasma. In
particular the charge separation found at RHIC [3] can be explained by the chiral magnetic effect, in
which an extermal magnetic field in the fluid Bµ = εµνρλ uν∂ρ Aλ induces an electric current parallel
to the magnetic field [4]. By the same way a vortex in the fluid ω µ = εµνρλ uν∂ρ uλ induces also
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an electric current parallel to the vorticity vector, the so-called chiral vortical effect [5, 6]. Up to
this point, only pure gauge anomalies had been considered to be relevant for these effects, but very
recently it has been pointed out that mixed gauge-gravitational anomalies contribute also even at first
order [7–9]. In this paper we will sketch the computation of the transport coefficients up to second
order, for a strongly coupled CFT with holographic dual in four dimensions, and present some results.
2 Holographic model and constitutive relations
We consider a holographic Einstein-Maxwell model in 5 dim, supplemented with gauge and mixed
gauge-gravitational Chern-Simons terms, which realizes a single chiral U(1) symmetry [8, 10, 11]
S = 1
16piG
∫
d5x
√−g
[
R+ 2Λ− 1
4
FMNFMN + εMNPQRAM
(κ
3 FNPFQR +λ R
A
BNPRB AQR
)]
(3)
+SGH + SCSK .
The boundary term SCSK is needed to reproduce the gravitational anomaly at general hypersurface [8,
12]. The covariant U(1) current is (16piG)Jµ =−√−γF rµ |ε . Its divergence leads to the anomaly for
chiral fermions [13], and this we use to fix the parameters κ =−G/(2pi) and λ =−G/(48pi).
Our goal is to compute the transport coefficients up to second order in the constitutive relations,
Eqs. (1)-(2). We use the Landau frame, defined as the one in which the energy flux vanishes at rest,
uµτ
µν
(n)
= 0 (see [14] for a discussion of other frames). The most general contributions at first order are
τµν
(1) =−2ησ µν , τ
µν
(1)ano = 0 , ν
µ
(1) =−σ (T PµνDν µ¯ −Eµ) , ν
µ
(1)ano = ξBBµ + ξV ω µ , (4)
where Dν is the Weyl covariant derivative, Pµν = uµuν + ηµν , σ µν = 12 (Dµuν + Dνuµ) and
µ¯ = µ/T . In these expressions η , σ , ξB and ξV are the shear viscosity, electrical conductivity, chiral
magnetic and vortical conductivities respectively. When including external electromagnetic fields, at
second order there are 23 coefficients in the constitutive relation for 〈T µν 〉, and 15 for 〈Jµ〉. A classi-
fication of these terms was obtained in [15]. We will compute some of them within the present model.
3 Fluid/gravity correspondence
The equations of motion of the model admit an AdS Reissner-Nordström black-brane solution as long
as the parameters of the theory (mass and charge of the black hole, fluid velocity, etc) are independent
of the space-time coordinates xµ . However, if one assumes that these parameters are slow varying
functions of xµ , then one can find a solution for the metric and gauge field valid order by order in a
derivative expansion [5, 16]. In order to follow this technique, we use the Weyl covariant ansatz,
ds2 = −2W1(ρ)uµdxµ (dr+ rAνdxν )+ r2
[
W2(ρ)ηµν +W3(ρ)uµuν + 2
W4σ(ρ)
r+
Pσµ uν (5)
+
W5µν(ρ)
r2+
]
dxµdxν , (6)
A =
(
a
(b)
µ + aν(ρ)Pνµ + r+c(ρ)uµ
)
dxµ , (7)
where Aν = uµDνuµ − 13 Dµ uµ is the Weyl connection, r+ is the outer horizon of the black hole and
ρ = r/r+. This solution leads to the following energy-momentum tensor and current,
〈Tµν〉= 116piG limε→0
(
r4+(W2 +W3)(
¯4,ε)(4uµuν +ηµν)+ 4r2+W
(¯4,ε)
5µν + 8r
3
+W
(¯4,ε)
4σ P
σ
(µuν)+T
ct
µν
)
, (8)
〈Jµ〉= 18piG limε→0
(
r3+c
(¯2,ε)uµ + r
2
+a
(¯2,ε)
µ + Jctµ
)
, (9)
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where F (m¯,ε) denotes the coefficient of the term (ρ−1− ε)m in an expansion around the regularized
boundary with cut-off surface ρ = 1/ε . Because we are considering a flat background metric, the di-
vergences appear only through terms involving electromagnetic fields in addition to the cosmological
constant [8, 17]. So we need counterterms, T ctµν and Jctµ , to make the expressions finite.
Inserting this ansatz into the Einstein-Maxwell equations (EAB = 0, MA = 0) we find a set of
14 differential equations and 5 constraints. The fields can be decomposed in SO(3) scalar, vector
and tensor components. We find a constraint in the vector sector related to the energy conservation,
DµT µi = Fiα Jα , and two (one) dynamical equations in the vector (tensor) sector, which read
J
(n)
i (ρ) = ∂ρ
(
ρ5∂ρW (n)4i (ρ)+ 2
√
3Qa(n)i (ρ)
)
, (10)
A
(n)
i (ρ) = ∂ρ
(
ρ3 f (ρ)∂ρ a(n)i (ρ)+ 2
√
3Q∂ρW (n)4i (ρ)
)
, (11)
P
(n)
i j (ρ) = ∂ρ
(
ρ5 f (ρ)∂ρW (n)5i j (ρ)
)
, (12)
corresponding to Eri = 0, Mi = 0 and Ei j − 13 δi jtr(Ekl) = 0 respectively. While the form of the ho-
mogeneous part of these equations is the same at any order, the source terms J(n)i , A
(n)
i and P
(n)
i j are
specific for each order. Their expressions are rather complicated at second order, and we will present
here only the sources at first order
J
(1)
µ (ρ) = λ
96
ρ5
(
Mρ2− 5Q2) Bµ
r+
+λ 16
√
3Q
ρ7
(
20Mρ2− 63Q2)ωµ , (13)
A
(1)
µ (ρ) = −
√
3piT
Mr+ρ2
Pνµ DνQ−
(
1+ 9Q
2
2Mρ2
)
Eµ
r+
−κ 16
√
3Q
ρ3
Bµ
r+
−κ 48Q
2
ρ5 ωµ
−λ 48ρ11
(
4M2ρ4− 16MQ2ρ2 + 15Q4)ωµ , (14)
P
(1)
µν (ρ) = −6r+ρ2σµν , (15)
where the mass M and the charge Q of the black hole are related to the temperature and chemical
potential as T = r+(2M−3Q2)/(2pi) and µ =
√
3r+Q. By solving Eqs. (10)-(12) with these sources
and the appropriate boundary conditions, we can compute the functionsW (1)4i (ρ), a
(1)
i (ρ) and W
(1)
5i j (ρ).
Then from their near boundary expansion and using Eqs. (8)-(9) we obtain the constitutive relations.1
4 Transport coefficients
Using previous technology, we get the first order transport coefficients for the holographic plasma
η = r
3
+
16piG , σ =
piT 2
16GM2r+
, (16)
ξB = −
√
3Q(M+ 3)r+κ
8piGM +
√
3piQT 2λ
GMr+
, ξV =−3Q
2r2+κ
4piGM
+
2pi
(
2Q2− 1)T 2λ
GM
, (17)
which enter in Eq. (4). One can identify in these expressions the anomalous conductivities ξB and
ξV , which are induced by the chiral ∼ κ and gauge-gravitational∼ λ anomalies. At second order we
present here the result for only 3 out of the 38 coefficients (see [17] for a computation of all of them)
τµν
(2)ano =
˜Λ1D 〈µων〉+ ˜Λ4D 〈µBν〉+ · · · , νµ(2)ano = ˜ξ5εµναβ uνDα Eβ + · · · , (18)
1The parameter c(¯2,ε) in Eq. (9) can always be chosen to be zero, as it just redefines the charge and mass of the black hole.
In addition, in the Landau frame there is no contribution to 〈T µν 〉 coming from the scalar sector and (W2 +W3)(¯4,ε) = 0.
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where X 〈µν〉 stands for transverse traceless projection. ˜Λ1, ˜Λ4 and ˜ξ5 are dissipative as they are odd
under time reversal. As a consequence, they can be naturally factorized in terms of relaxation lenghts
as ˜Λ1 =−2η ˜lω , ˜Λ4 =−2η ˜lB and ˜ξ5 = σ ˜lE , in analogy to the relaxation time τpi [18]. Our result is
˜lω =
2pi
Gp
[
κµ3
48pi2 + 64µλ
(
3r2+− 2µ2−
piT µ2
r+
)]
, (19)
˜lB =
1
2piGp
(
κµ2
8 +λ pi
2T 2
)
, ˜lE =− 8µ¯
pi2T
[κ log2− 2λ (1+ 2log2)]+O(µ¯3) . (20)
It is remarkable that ˜ξ5 is not vanishing in our model, even when it was predicted to be zero based on
no entropy production arguments [15]. We have cross-checked this result with a computation using
Kubo formulae. In particular, when switching on a gauge field Ay = Ay(t,z), the coefficient ˜ξ5 appears
in the two point function 〈Jx(k)Jy(−k)〉 = −iξBkz +σ ˜lEωkz + · · · . This Kubo formula leads to the
result (20) even in the probe limit. Another observation comes from the dispersion relation of shear
waves. In [15] they have found ω ≈−iη/(4p)k2∓ iCk3 , with C =− ˜Λ1/(8p). Our computation leads
to C = ˜lω η/(4p). The chiral anomalous contribution∼ κ of Eq. (19) agrees with the result in [15]. In
addition, we found a new anomalous contribution induced by the gauge-gravitational anomaly ∼ λ .
5 Conclusions
We have studied the transport properties of a holographic model that implements the chiral and gauge-
gravitational anomalies. We found new gravitational anomaly contributions at second order appearing
in 13 coefficients in the constitutive relation for 〈T µν 〉, and in 11 coefficients for 〈Jµ〉. In addition,
new coefficients involving electromagnetic fields have been computed for the first time. A derivation
of the entropy current [11] up to second order within the present model will be very interesting as it
would give some insights on the role of some anomalous processes, like 〈Jµ〉 ∼ ˜ξ5εµναβ uνDα Eβ .
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